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Appendix E
Derivations

Derivation of Equations to Determine Critical Slip Angle for Driving-Side Wedge with Wall Friction on the
Vertical Face

The equations are derived for the limit equilibrium condition. The figure below shows the forces (including wall
friction on the vertical face) acting on a driving-side wedge.
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tan o — tan 8
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For equilibrium to exist:

N=W +V)cosa + Psno - Ptan d cos o
T=(W=+V)snha - Pcosa - Ptan d shn o
Tmustadso= Ntan ¢ + cL
T=Ntand +cL =+ V)tan ¢ cos a+P tan ¢ sin «-P tan d tan ¢ cos a+cL
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Equating the two expressions for 7, dividing them by cos «, and solving for P, the following is obtained:

cL
COoS o

(A -tandtan ) + (tan & + tan ) tan «

(W + V)(tan a - tan ) -

where
W = weight of soil in wedge
V = strip surcharge

y (h? - d?)

, Y = unit w eight of soil
2 (tan o - tan B)

W =

h -d,
cos a (tan a - tan P)

substituting the above values for W and L into the equation for P:

vy (h? - d*) c(h-d)
+ V| (tan a - tan ¢) -
p= 2(tano -tan ) cos’ o (tan a - tan B )
(1 -tan 6 tan ¢) + (tan 0 + tan ¢) tan «
Note that. —se? o =1+ tan’ o

cos o

divide both sides of this equation by:

h? - d?
u, also subdtitute 1 + tan® o for
2 cos? o

to obtain;

(tana—tand) + — 27 (tane—tang)tane. - tandy) - 2L+ 1AT°)
v(h?-d}) Y(hed)

2P
(tano - tanP)[ 1 - tandtang + (tand +tand) tanc] n

y(h2-d?)

combining terms the above equation becomes:
2 e - (ten - tand)tane + tanptang] - 2<drtan’e)
y(h-d) v(d)
(tand +tand)tan’e + [1 - tandtand - tanP(tand + tand)]tanc - tanB(l - tandtand)

(tane - tand) +

m

n
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The necessary condition for P to be either a maximum or a minimum is that the derivative of m/n, with respect to
o, be equal to zero. The derivative of m/n is:

(dm) ~ (dn)
n| — m| —
d (mln) _ do da) _ 0

do nz

from this it can be seen that if both sides of the equation are multiplied by »? the maxima-minima condition
becomes:

dm dn _
n——-m—=20
do do

After differentiating this equation, it will be found that al terms are multiplied by sec? « (dtanc/de). For
simplification, both sides of the equation will be divided (at the start) by sec’« to eiminate it.

Since al of the termsin the numerator (m) are over acommon denominator, differentiation will be done separately
for each numerator term; they will be combined at the end to furnish a complete solution. The derivative dn/d"" is
constant for al terms.

5_” =2 (tand + tand) tan @ + 1 - tand tand - tanp (tand + tandy)
o

The“ W’ term (tan o - tan d):

n == = (tand +tand)tan’e +(1-tandtand)tanc —tanB (tand +tand)tane -tanB(1-tandtand)
o

m Z—n = 2(tand + tand) tan’oc + (1 - tandtand) tane - tanP(tand + tand) tano
o

- 2tand (tand + tand)tane - tand(1l - tand tand) + tanPtand (tand + tand)

n;l_’” - m;"_” = _(tand +tand)tan?e + 2tand(tand + tandp)tana: + tandy —tan —(tand +tan)tanZp = 0
o o
The“ V" term:

d_m = Lz tano - LZ (tanp + tand)

doly (h? - d)) y (h? - d))
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dm _|_4¥ (tand +tand)tan®e + ar [1-tanStand -tanf(tand +tand)]tanc
dey(h?-d?) v(h?-d7)
| tanB(1-tandtand)tanc - |[—27| (tanB+tandy)(tand tandy)tanZee
Y(h?-d?) y(h?-d?)
— 22| (tanp + tand)[L - tand tendy - tan (tand + tand)] tana
y (h° - d)
21
+ 0 tanf (tanp + tand)(1 - tan 6 tan )
y(h? - d,
" ;i_;; _ (h‘;de) [(tand +tand)tana —(tand +tand)(tanB +tand) tane +tanBtand (tand +tand)tanc:]
v(h?-d;
| =2 | 12 - tend tang - tan (tand - tand)] [tarfa - (tan - tand) tana]
y(h"-d.)
+ % [l -tandtand -tanP (tand +tanp ) JtanPtan ¢ =0
Y(h* - d;)
pdm Ao 2V g ag) tante - |——2 | tanp(Ltard) tana
do do Y (hz _ dcz) % (hZ _ dcz)
. Lz ta? B (1 + tan® ) = O
y (h% - d))
The“c” term:
— 2c 2c tan® o dm _ 4c tan o

y(h+d) yGh-+d) do  y(h+d)

3—n=2(tan6+tancb)tanoc+[1ftan6tanc])ftanB(tan6+tancb)]
o

dm - 4c " 3
n Ta —Y(h +dc)(tan(“) tan ¢) tan® o
- _ﬁ_[l ~ tandtand — tanp(tand + tandy)] tan?
4 ﬁ [tan B (1 - tan & tan ¢)] tana
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m A= | b+ tan ¢) tar® «
do Yy (h +d)
2% 1 -tandtand - tan B (tan & + tan )] tan? o
Yy (h +d)
]
- tan 60 + tan tan
Y(h+dc)( + tan ¢) tan «
2c
- l1-tandtan ¢ - tan P (tan & + tan
Y(h+dc)[ () B ( + tan ¢) ]
dm dn 2c
= -m == - 1 - tan d tan ¢ - tanB(tan & + tan tan?
"o " da i) ¢ - tanftan &+ tan Q)] tan” o
4dc
+ [tan B (1 -tan dtan ) +tan 0 + tan ¢ ] tan «
Yy (h +d)
—2% I -tandtand -tandtanp -tanPtandp] =0
Yy (h +d)

Combining “Ww”,“ V", and “c” terms:

2c
Y(h+d)

tan B( 1 + tan’p )

2V

(1-tandtang -tanB[tand +tand])] tane.
y(h2-d)

(L+tan’d) +

- [tand +tand -

4y

+ [ 2tand (tand + tanp) - | ——88
y (h? - d?)

.
y(h+d. )

+[tand -tan B - (tan & + tan B tan’d +

(tanP +tan ¢ +tan 6 [ 1 -tanPtan ¢ ] ) ] tana

4

W ta® B (1 + tan® ¢)
Y - a.

2c

W [l-tandtanp -tanP (tan d +tandp )] =0

+

In order to make the above equation less cumbersome, |et:
1 -tand tandp - tanP (tand + tandp ) = r

tanp + tand + tand (1 - tanPp tand ) = s
tang - tanp - (tand + tanP ) tan’p = ¢
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Then the equation becomes:

- 2V 2 2 2c
+ + S —— | 1 + t + _
t [y(hz—df)]anﬁ( o) [Y(h+dc))

Denoting the coefficient of tan® « as - A4, the coefficient of tan « as AC,, and the constant as 4¢ we have the

following quadratic equation:

Dividing this by - 4 we obtain:

tanZOC-Cltana-szo

The solution for tan o theniis:

2
alternately
2
2
where
A =tand + tand - _ar (1 +tan’d) + 2
y (h% - d?) Yy (h+d,)

' oy 2
~|tand +tand - | —=——| (1 +tatdp) + | ———
and + tan [y(hz—dcz))( an‘d ) [Y(h+dc)
+ |2 tand (tand + tand) - | — | tanB (1 + ta’d) +[
y (h% - d?)

r

)rltanzoc
_de
y (h +d)

=0

)r

2 tand (tand + tand ) [Y(thf)]tanB(l tan“d) (Y(h+dc)
C, =
A
N L 2 + 2 + L
C | (Y(hZ_dg))tanB(l e (Y(}”dc)]r
L=

A
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